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Abstract 
A simple representation fthe expectation of a renewal process mean with random time is 
obtained which leads to a renewal theoretic interpretation f certain premium calculation 
principles. 
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For a renewal process (S.). ~> 1, Jewell (1981) has obtained simple representations of 
a certain expected average (see (3)) which is smaller than the process mean lifetime. Let 
So=0,  S, = ~ X i, n >~ l, 
/=1 
where X, (X i)i ~ 1 are independent, nonnegative random variables having a common 
distribution function F, F (0) < 1. The number of renewals in the interval (0, t] is given 
by 
N(t) = sup{n >~ O; S, ~< t}, t>~0. 
Wald's equation yields the well-known identity 
ESN(t)+ 1 = EXE(N(t )  + 1), (1) 
and Jewell (1981) has pointed out that there is no simple result for SN(t) which is the 
sum of completed lifetimes up to time t. 
In this note we replace the fixed time t by a nonnegative random variable T which is 
independent ofthe lifetimes (Xi)i ~> 1. Let G denote the left-hand continuous version of 
the distribution function of T with G(t) = P(T < t). 
Obviously, Eq. (1) remains valid when t is replaced by T. Assuming that G is 
a continuous NBU or NWU distribution function, Herff et al. (1996) derive bounds 
and representations of the renewal function and the expected total life. As an 
implication, the Wald type identity 
ESmT , = E(XG(X) )E (N(T)  + 1), (2) 
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where G(x) = 1 - G(x), is found when the time T is exponentially distributed (cf. (1) 
for T ~ e,). 
For fixed time t, and assuming F to be absolutely continuous, Jewell (1981) has 
obtained that 
E N(t) > 0 = xdF(x)  = E(X IX  <<. t). (3) 
In particular we see that the expected renewal process average is smaller than EX. On 
the other hand, it is well known (cf. Kremers, 1988) that if random variables are 
sampled until their sum first exceeds t, then the corresponding sample mean is 
nonnegatively biased for the population mean: 
E (' s~(,,+, ) \N(O + ] ~ EX. 
In the case of a random time T, simple representations f the above xpected renewal 
process average are found which generalize Eq. (3). (Putting T ,-~ et in (4) yields (3).) 
Theorem. Let EG(X)  > O. Then we have 
~(x~(x)) 
E(Star )  N(T)>O = - =E(X[X  <~ T). (4) 
\N(T )  " " EG(X)  
Proof. Since P(N(T)  > O) = EG(X),  we have for x t> 0: 
P(Star )  > x [N( r )  > 0 > N(T)  n) - Ed(X)~= ' P(S, nx, = \N(T) 
Ed(x)l =,~ f° - ,~  x {(~(y) -- EG(y + X)} dF*"(y), 
where F*" denotes the n-fold convolution of F with itself. 
Hence, 
E N(T)>O = I p (OU,T)>x lN(T)>O dx 
Jo \N(T)  
1 & l l  "~ 
- EG(X) .~,  n Jo Y{G(Y) - EG(y + X)} dF*"(y) = E(XG(X)) ~3(x) " 
Moreover, 
E(XIX ~ T) - - -  1 (~(z) dF(z) dx = 
EG(X)  o 
E(xd(x)) 
EG(X)  
Remarks. (i) Choosing T ,-~ et with G(x) = l(t. ~)(x), we obtain 
ed(x) = e(o, E(XG(X))  = x dF(x) 
and therefore Jewell's (1981) result (see (3)). 
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(ii) Since X and G(X) are nonpositively correlated, we find E(XG(X))/EG(X) <<, EX. 
(iii) In particular, the ratio in (ii) can be interpreted as a premium. In insurance 
mathematics, a risk is described by a nonnegative random variable with distribution 
function F. A functional H assigns the insurance premium H(X) to the risk X, and 
H is called a premium calculation principle. Heilmann (1989) introduced the class of 
premium principles given by H(X) = E(Xh(X))/Eh(X) via the loss function approach 
with arbitrary nonnegative functions hsatisfying 0 < Eh(X) < oo and E(Xh(X)) < ~.. 
The premium H(X) minimizes the expected loss 
H(X) = argmin E(L(X, a)) 
a 
with loss function L(x, a) = (x - a) 2 h(x). Obviously, premiums with h(x) = G(x) are 
not mean-value-exceeding (seeii)) which is often required. Related premiums with 
G(x) = 1/x, x/> 1 (Pareto distribution) and G(x) = 1/x(x + 1), x >~ (x//5 - 1)/2 are 
considered in Heilmann (1989). There may be a deficiency in interpreting premiums of 
the above form as being a ratio of expectations. However, as we have seen, premiums 
given by 
E(XG(X)) 
H(X) - (5) 
EG(X) 
possess an interesting renewal theoretic intepretation as an expected mean. Let 
X1, X2 .... describe successive claim sizes. If the corresponding renewal process is 
inspected at a random total claim size T then the premium (5) coincides with the 
expected average of the claim sizes up to the amount T: 
H(X) E ( ~  N(T ) 0). 
= V,~tl~ I > 
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